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We develop a notion of a generalized Cuntz–Krieger family of projections and partial
isometries where the range of the partial isometries need not have trivial intersection.
We associate to these generalized Cuntz–Krieger families a directed graph, with a coloring
function on the edge set. We call such a directed graph an edge-colored directed graph. We
then study the C∗-algebras and the non-selfadjoint operator algebras associated to edge-
colored directed graphs. These algebras arise as free products of directed graph algebras
with amalgamation. We then determine the C∗-envelopes for a large class of the non-
selfadjoint algebras. Finally, we relate properties of the edge-colored directed graphs to
properties of the associated C∗-algebra, including simplicity and nuclearity. Using the free
product description of these algebras we investigate the K -theory of these algebras.
© 2009 Elsevier Inc. All rights reserved.
The operator algebras of directed graphs are important for two reasons. First because they give concrete examples of
large classes of operator algebras. Second, they are useful because structural properties of the algebras can be related to
simple observations about their underlying graphs. In this paper we take this nice class of algebras and look at their
universal free products amalgamated over speciﬁc subalgebras. Again, the reasons are two-fold, we believe that this large
class of “concrete” examples will lead to a better understanding of universal free products, and we also have seen that the
deﬁned underlying discrete structure will provide insight into structural questions concerning these algebras. The focus of
this paper, besides introducing this class of free products, is to make a case that the second aim of this research is tractable.
Graph algebras are a generalization of the Cuntz algebras where we have a collection of projections, and collections of
partial isometries with domain and range satisfying natural conditions corresponding to the collection of projections. These
relations can be identiﬁed via directed graphs with projections corresponding to vertices and arrows between projections
corresponding to partial isometries. The source of the arrow corresponds to the domain projection for the partial isometry,
and the range of the arrow corresponds to the range projection for the partial isometry. However, in the graph algebra
context we require that for any projection corresponding to a vertex the set of edges ending at the vertex the ranges of the
associated partial isometries “sum” to the projection.
However, when we take free products of directed graph algebras with amalgamation over the subalgebra generated by
the projections the restrictions on the range of the partial isometries disappear; we can then allow partial isometries with
the same range. By amalgamating over the subalgebra corresponding to the projections we avoid some of the technicalities
in [6] and [7], where similar free products are studied. Some complications do persist and this additional complexity gives
rise to a more complicated discrete structure since we need to keep track of which ranges sum to a particular projection
and which ones do not have this property. To deal with this we add a coloring to the edge set of the directed graph which
allows us to keep track of when partial isometries have interacting range projections. We have called such a graph with a
coloring function on the edge set an edge-colored directed graph. In this paper we introduce both the C∗-algebras and the
non-selfadjoint operator algebras associated to edge-colored directed graphs.
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we prove an analogue of gauge invariant uniqueness. We then investigate the non-selfadjoint algebras. We then look at
structural properties starting with simplicity, and then discussing nuclearity and exactness. Using a free product result of
Thomsen [15] we discuss the K -theory for edge-colored directed graph C∗-algebras which is built up using free products
and the K -theory for C∗-algebras of directed graphs as described in Chapter 7 of [14]. We will assume that the reader is
familiar with the theory of graph C∗-algebras and point to [14] for an excellent introduction to the theory.
Also, for the purposes of this paper we have focused on ﬁnite colorings. Many of the results will follow for inﬁnite
colorings. We leave the details to the interested reader.
1. Cuntz–Krieger families and edge-colored directed graphs
We begin by reminding the reader that a Cuntz–Krieger family is a pair of sets P and E where P is a collection of
projections and E is a collection of partial isometries satisfying
(1) for s ∈ E , s∗s ∈ P , and
(2) if for each p ∈ P we let Sp denote those elements of E for which ss∗  p, then p ∑Sp ss∗ with equality if Sp is a
ﬁnite set.
Generalizing this we start by saying that an edge-colored family of partial isometries on a Hilbert space H is a triple
(P , E, f ). Here P is a collection of pairwise orthogonal projections in B(H), E is a collection of partial isometries in B(H),
and f is a function of E into the natural numbers. We also require that the elements of E satisfy
(1) the initial projections of the partial isometries in E are all in P , and
(2) for a partial isometry in E the range projection is dominated by a projection in P .
Deﬁnition 1. We say that such an edge-colored family of partial isometries on H call it (P , E, f ), is an edge-colored Cuntz–
Krieger family on H if {P , f −1(n)} is a Cuntz–Krieger family on H for each n ∈ N.
Notice that any Cuntz–Krieger family will clearly be an edge-colored Cuntz–Krieger family via the map f (S) = 1 for
all S ∈ E . On the other hand if S1 and S2 are partial isometries such that S∗1S1 = S∗2S2 = S1S∗1 = S2S∗2 then letting P =
S1S∗1, E = {S1, S2}, and f (Si) = i, then (P , E, f ) is an edge-colored Cuntz–Krieger family which is not a Cuntz–Krieger
family. It is obvious from the preceding example that the map f is not unique. In particular, for this example any function
g : E → {m1,m2} with g(Si) =mi where the mi are distinct positive integers will yield an edge-colored Cuntz–Krieger family
(P , E, g).
Deﬁnition 2. If (P , E, f ) and (Q , F , g) are edge-colored Cuntz–Krieger families on H then we say (P , E, g) is equivalent to
(Q , F , f ) if P = Q and E = F .
This deﬁnes an equivalence relation on edge-colored Cuntz–Krieger families. Further we can now assume up to equiva-
lence that ran( f ) = {1,2, . . . ,m} for some m 1.
Deﬁnition 3. If (P , E, f ) is an edge-colored Cuntz–Krieger family on H then deﬁne c( f ) = sup{ran( f )}. We deﬁne
c(P , E, f ) := inf{c(g): (P , E, g) is equivalent to (P , E, f )}.
The number c(P , E, f ) will be called the coloring number of (P , E, f ).
As with Cuntz–Krieger families we wish to associate a combinatorial object to edge-colored Cuntz–Krieger families. To
do this we will need the notion of an edge-colored directed graph. We will then see that this association is related to the
free products of graphs described in [6, Deﬁnition 4].
Deﬁnition 4. An edge-colored directed graph is a directed graph G = (V , E, r, s) and a function f : E → N. The function f
will be called an edge-coloring of G .
We now establish some notation. For each vertex v ∈ V (G) let Gv denote the directed graph with V = V (G) and
E = {e ∈ E(G): r(e) = v}. Notice that if (G, f ) is an edge-colored directed graph then (Gv , f ) is an edge-colored directed
subgraph of (G, f ).
Deﬁnition 5. We say that two colorings f and g on G are equivalent if for each v there is a one-to-one map τ :N → N
such that f −1(i) ∩ Gv = g−1(τ (i)) ∩ Gv .
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of edge-colored Cuntz–Krieger families. It is not diﬃcult to see that equivalence of edge-colorings induces an equivalence
relation. We will not make it a habit of differentiating between equivalent edge-colorings. Again we notice that an edge-
coloring of G , call it f , can be chosen up to equivalence, with ran( f ) = {1,2, . . . ,m} for some ∞m  1. In this case we
say that f is an m-coloring of G , and set m := c( f ). Now deﬁne c(G, f ) = inf{c(g): (G, g) is equivalent to (G, f )}, and call
this the coloring number of (G, f ).
Proposition 1. Let (G, f ) denote an edge-colored directed graph. If m(v) is the number of colors incident at v, then c(G, f ) =
supv∈V (G)m(v).
Proof. Notice that m(v) C(G, f ) for all v , by deﬁnition, and hence if supv∈V (G)m(v) = ∞ we are done.
So assume that there exists some vertex v0 such that m(v0)m(w) for all vertices v ∈ V (G). Next for each vertex v or-
der { f (e): e ∈ Gv } := {a1,a2, . . . ,am} ⊆ N with the usual ordering. Then deﬁne f v(e) = {i: f (e) = ai}. Notice that∑v∈V (G) f v
will be a coloring of G which is equivalent to f . Notice further that c(
∑
f v )m(v0) and the result follows. 
Let {Gλ} = {(V (Gλ), E(Gλ), rλ, sλ)} be a collection of directed graphs with a common subcollection V ⊆ V (Gλ) for all λ.
We deﬁne the free product graph ∗
V
Gλ to be the graph given by:
(1) V (∗
V
Gλ) = V ∪ (⋃λ V (Gλ \ V)).
(2) E(∗
V
Gλ) =⋃λ E(Gλ).
(3) If e ∈ Gλ then r(e) = rλ(e).
(4) If e ∈ Gλ then s(e) = sλ(e).
We now present a fairly straightforward connection between edge-colored Cuntz–Krieger families and edge-colored di-
rected graphs.
Proposition 2. Given an edge-colored Cuntz–Krieger family (P , E, f ) on H there is an edge-colored directed graph (G,h) associated
to (P , E, f ).
Proof. Deﬁne a directed graph G by setting V (G) := P and E(G) := E . For S ∈ E deﬁne s(S) := S∗S ∈ P . Next deﬁne r(S) :=
p ∈ P such that S S∗  p. This completes the description of the directed graph G . Notice that (G, f ) will be an edge-colored
directed graph. 
2. C∗-algebras of edge-colored directed graphs
We wish to deﬁne a universal C∗-algebra of an edge-colored directed graph. We will start by stating the universal
property we would like it to satisfy. We will then show using free products the existence of such a C∗-algebra.
Let (G, f ) be an edge-colored directed graph and assume that (P , E, f ) is an edge-colored Cuntz–Krieger family whose
associated edge-colored directed graph is (G, f ). In this case we say that (P , E, f ) is associated to (G, f ). Notice that
{p ∈ P } ∪ {s ∈ E} ∪ {s∗: s ∈ E} generates a C∗-algebra, call it C∗(P , E, f ).
Deﬁnition 6. We say that a C∗-algebra A is universal for an edge-colored directed graph (G, f ) if
• A is generated by an edge-colored Cuntz–Krieger family (P , E, f ) associated to (G, f ), and
• given any edge-colored Cuntz–Krieger family (Q , F , g) associated to (G, f ) there is a ∗-representation π : A →
C∗(Q , F , g).
If such a universal algebra exists we will call it C∗(G, f ).
We ﬁrst establish the existence of the C∗-algebra.
Theorem 1. Given an edge-colored directed graph (G, f ) the algebra C∗(G, f ) exists. In particular, given an edge-colored directed
graph (G, f ) there is an edge-colored Cuntz–Krieger family associated to (G, f ).
Proof. If we let Gi denote the directed graph (V (G), f −1(i), r, s) then notice that G =⋃Gi . Let Pi denote the collection of
projections in Gi associated to the vertices in Gi and notice that there is a natural ∗-isomorphism between the Pi ’s. We
will call this subalgebra P and view it as sitting inside C∗(Gi) in the natural way. We now claim that C∗(G, f ) = ∗
P
C∗(Gi).
We will denote the usual Cuntz–Krieger family for C∗(Gi) by (P , Ei).
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⋃
Ei, f ) where f (S) = i where S ∈ Ei . Further, by construction,
the graph associated to (P ,
⋃
Ei, f ) will be (G, f ). We need only verify the universal property. This is simply a matter of
applying universal properties for the free product.
Assume that (Q , F , g) is another edge-colored Cuntz–Krieger family associated to (G, f ). Then Q = P and F =⋃ Ei
and hence there is a ∗-representation πi :C∗(Gi) → C∗(P , Ei). Now using the free product we have a ∗-representation
∗πi :∗
P
C∗(Gi) → C∗(Q , F , g) which is onto since C∗(Q , F , g) is generated by the set {P ,⋃ Ei}. The result now follows. 
Since C∗(G, f ) is generated by a Cuntz–Krieger (G, f ) family it will satisfy the properties for C∗(P , E, f ) as above.
A further consequence of this free product construction is the following result which applies to graph algebras and hence
allows graph algebras to be written as free products of simpler algebras.
Theorem 2. Let (G, f ) be an edge-colored directed graph with vertex set V (G) = {vλ} and for λ ∈ Λ the set Eλ is the set of all edges e
with r(e) = vλ . Then Gλ := (V (G), Eλ, f ) is an edge-colored directed graph where we view, f , s, and r as restrictions of f , the source
map, and the range map, respectively. Further, there is a natural embedding C∗(Gλ, f ) → C∗(G, f ) such that for P , the subalgebra of
C∗(G, f ) generated by the vertex projections we have C∗(G, f ) = ∗
P
{C∗(Gλ, f )}.
Proof. Notice that C∗(Gλ, f ) is a C∗-algebra generated by the edge-colored Cuntz–Krieger family (P , Eλ). It follows that
∗
P
{C∗(Gλ, f )} is a C∗-algebra generated by the edge-colored Cuntz–Krieger family (P ,⋃{Eλ}). It is not diﬃcult to see that
the edge-colored directed graph associated to this new edge-colored Cuntz–Krieger family is (G, f ) and hence there is, by
universality, a ∗-representation π :C∗(G, f ) → ∗
P
{C∗(Gλ, f )}.
For the reverse arrow notice that the natural inclusion of C∗(G, λ, f ) into C∗(G, f ) induces a ∗-representation of
∗
P
{C∗(Gλ, f )} into C∗(G, f ) which is onto a generating set. It is a simple matter to verify that this representation is the
inverse of the representation π . 
As a corollary we get the following result about C∗(G) where G is a directed graph.
Corollary 1. Let G be a directed graph and for every vertex v let C∗(Gv ) be the subalgebra of C∗(G) generated by Gv , then C∗(G) =
∗{Pv : v∈V (G)}{C
∗(Gv )}.
As an example we know that M2(C) is C∗(G) where
G = • • .
Noticing that this is just a subgraph of
H = • • •
and letting D =
{[
a 0 0
0 b 0
0 0 c
]}
we have
[
C 0
0 M2(C)
]
∗
D
[
M2(C) 0
0 C
]
= M3(C)
since M3(C) is the C∗-algebra of the graph H .
We can put this result together with the general free product description from Theorem 1 to see that the algebras
C∗(G, f ) are “locally” copies of free products of simpler algebras. In particular, the simpler algebras are directed graph
algebras arising from directed graphs G with |V (G)| 2 and |{r(e): e ∈ E(G)}| 1.
We are now in a position using free products to translate many of the well-known theorems for C∗-algebras of directed
graphs into the context of edge-colored directed graphs. We ﬁrst use free products to develop an analogue of the Gauge
Invariant Uniqueness Theorems for 1-colorable graphs.
Theorem 3. Let (G, f ) be an edge-colored directed graph with C∗(G, f ) = ∗
P
C∗(Gi) where Gi is a 1-colored directed graph for each i.
Let Ai be a collection of C∗-algebras with common subalgebra D. If πi :C∗(Gi) → Ai is a ∗-isomorphism for each i with πi |P ∈ D for
all i and πi = π j |P for all i, j then the induced representation ∗πi :C∗(G, f ) → ∗
πi(P )
πi(C∗(Gi)) is an isomorphism.
Proof. This follows by noticing that π−1i will induce a ∗-representation which will be the inverse of the ∗-representa-
tion ∗πi . 
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on a Cuntz–Krieger family (P , S) that corresponds to the gauge action on the Gi and then Ai = C∗(P , S) will be isomorphic
to C∗(Gi) and the above result will apply.
As an aside we will discuss the connection between the edge-colored directed graphs and the higher rank k-graphs, see
Chapter 10 of [14]. In particular, the 1-skeleton of a higher rank k-graph is an edge-colored directed graph, with k-colors.
However, a higher rank k-graph has additional structure given by the factorization map. In particular two different k-graphs
may have the same 1-skeleton. Keep in mind also, that the conditions used to deﬁne a Cuntz–Krieger family for a k-graph Λ
enforces different restrictions on the range of the generating partial isometries. There, the degree map plays a fundamental
role, while in our deﬁnition the coloring plays a fundamental role. This will affect the existence of a ∗-homomorphism from
the C∗-algebra of the edge-colored 1-skeleton of Λ onto the C∗-algebra of the k-graph Λ. We expect it will be fruitful to
further investigate the connections.
Before looking at properties of the C∗-algebras of edge-colored directed graphs, we wish to develop the non-selfadjoint
variant of the construction.
3. Non-selfadjoint operator algebras of edge-colored directed graphs
We say that a map π :G → B(H) is a contractive representation of (G, f ) if the restriction of π to the directed graph
(V (G), f −1( j), r, s) is a contractive representation for each j ∈ N.
Given an edge-colored directed graph (G, f ) we will deﬁne the algebra A(G, f ) to be the norm closed operator algebra
satisfying the universal property.
(Universal property for A(G, f ).) There exists a contractive representation ι :G → A(G, f ) such that for π :G → B(H) a
contractive representation of (G, f ) there exists a unique completely contractive representation π˜ : A(G, f ) → B(H) satisfy-
ing π˜ ◦ ι = π .
We focus ﬁrst on existence and uniqueness of this algebra. This follows exactly as in the C∗-case by using universal free
products.
Theorem 4. Given an edge-colored directed graph (G, f ) the algebra A(G, f ) exists and is unique.
Proof. Again letting Gi be the directed graph given by (V (G), f −1(i), r, s). Denoting the graph algebra A(Gi) by Ai and
letting P denote the subalgebra of A(Gi) generated by the vertex projections we claim that ∗
P
Ai will satisfy the universal
property reserved for A(G, f ). Uniqueness will then follow in the usual manner for universal objects.
So let π :G → B(H) be a contractive representation of (G, f ). Then, as G j is a subgraph of G we have that π |Gi := πi
is a contractive representation of Gi . By the universal property for A(Gi) there exists a contractive representation
ιi :Gi → A(Gi) and completely contractive representation π˜i : A(Gi) → B(H) satisfying π˜i ◦ ιi = πi . By construction we know
that πi |P = πk|P and hence there exists a completely contractive representation ∗
i
π˜i :∗
P
Ai → B(H) extending each of the
maps π˜i .
Next let ι :G → ∗
P
(Ai) be given by ι(v) = ιi(v) for any v ∈ V (Gi), and ι(e) = ιi(e) for all e ∈ E(Gi) ⊆ E(G). Under the
coloring f we have that this is a contractive representation of G since f −1(i) = E(Gi) for all i. Checking that ∗
i
π˜i ◦ ι = π
we have that ∗
P
Ai satisﬁes the universal property and hence we are done. 
As a corollary of the proof we can actually write A(G, f ) as a free product of directed graph operator algebras, exactly
as with C∗(G, f ). Using the notation from the preceding proof, given an edge-colored directed graph (G, f ) deﬁne for each
1 i ∞ Ai = A(Gi) where Gi is the directed graph (V (G), f −1(i), r, s). Next let P denote the algebra A(V ) where V is
the directed graph (V (G),∅, r, s).
Corollary 2. For an edge-colored directed graph (G, f ) we have A(G, f ) = ∗
P
A(Gi).
As was done for graph algebras [9] we state a dilation theorem. This is similar to [4]. It will be a simple corollary of the
construction using free products. As such it will not be entirely satisfactory.
Proposition 3. Let π : (G, f ) → B(H) be a contractive representation, then there exists a Hilbert space K ⊇ H, a contractive repre-
sentation π˜ : (G, f ) → B(K) satisfying:
(1) π˜ (e) is a partial isometry for each edge e ∈ E(G).
(2) π(e) = PHπ˜ (e)|H for all edges e ∈ E(G).
Proof. For each i let πi :Gi → Ki denote the dilation of π :Gi → H. Notice that H ⊆ Ki for all i, and for each e ∈ E(Q )
there is i such that πi(e) is a partial isometry with π(e) = PHπi(e)|H .
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e ∈ E(Gi) ⊆ E(G) deﬁne π˜ (e) = πi(e). Notice that π˜ will induce a representation as described. 
Notice that if V (G) = 1 and f (e) = f (g) implies e = g , then the algebra A(G, f ) is an example of the semicrossed
products for multivariable dynamics of [4], whose free product description motivated [8]. In addition, some of the ideas of
this work grew out of the paper of [10] in which free semigroupoid algebras were described as free products over vertices
for the analogous left regular representation algebras. Of course, in that context the free products are spatial free products
and therein lies the difference; thus a direct translation of their work is impossible. It does however suggest that the
algebra A(G) is a natural quotient of A(G, f ) for every coloring f . This idea of course is not fully developed and it might
be interesting to look at what properties of A(G) and A(G, f ) are either shared or not shared.
We now use the classical notion of C∗-envelopes to relate the selfadjoint algebra and the non-selfadjoint algebra.
4. C∗-envelopes
To discuss the C∗-envelope of the algebra A(G, f ) we ﬁrst remind the reader of some results from [8]. Recall that an
operator algebra A has the unique extension property if for every faithful representation π of C∗e (A) the only completely
contractive extension of π |A to all of C∗e (A) is π . The main result of [8] was the fact that the class of algebras with the
unique extension property is closed with respect to universal free products. The following was then a corollary of this result.
Theorem 5. (See [8].) Let Ai be a collection of operator algebras with the unique extension property. Further, assume that the Ai share
a common C∗-subalgebra D. Then C∗e (∗
D
(Ai)) = ∗
D
C∗e (Ai).
We will now show that a certain subclass of directed graph algebras A(G) have the unique extension property and hence
we will be able to, as long as we stay in this subclass, determine the C∗-envelope of certain A(G, f ).
Proposition 4. Let G be a row ﬁnite directed graph, then A(G) has the unique extension property.
Proof. Let π :C∗(G) → B(H) be a faithful ∗-representation. Notice that π |A(G) will be completely contractive and hence any
completely positive extension of π |A(G) , call it τ , must satisfy the property τ (a∗) = τ (a)∗ for all a ∈ A(G). Now letting Se
be the generator of A(G) corresponding to the edge e ∈ E(G) we know that τ (S∗e Se) = τ (Ps(e)) = τ (Se)∗τ (Se) since Ps(e) is
in A(G) and corresponds to the projection onto the domain of Se .
On the other hand, we know that τ (Se S∗e ) τ (Se)τ (Se)∗ = π(Se)π(Se)∗ . Since G is row ﬁnite then for any vertex v we
have ∑
{e: r(e)=v}
= π(Se)π
(
S∗e
)
.
Now π(Se)π(Se)∗ is a projection orthogonal to π(S f )π(S∗f ) for all f = e so we have∑
{e: r(e)=v}
τ
(
Se S
∗
e
)

∑
{e: r(e)=v}
π
(
Se S
∗
e
) := π(Pv)
with equality if and only if τ (Se S∗e ) = π(Se S∗e ). But we know that π(Pv ) = τ (Pv ) since Pv ∈ A(G) and hence we have that
τ (Se S∗e ) = τ (Se)τ (S∗e ). It follows that for all e ∈ E(G) the operator Se is in the ∗-subalgebra on which τ is a ∗-representation
[12, Theorem 2.18]. But {Se} generates C∗(G) since G is row-ﬁnite and hence τ is a ∗-representation and is equal to π .
Thus A(G) has the unique extension property. 
Recall that an edge-colored directed graph is said to be row ﬁnite if G j is row-ﬁnite for all 1 j ∞.
Theorem 6. If (G, f ) is a row ﬁnite edge-colored directed graph, then C∗e (A(G, f )) = C∗(G, f ).
Proof. Since the set of algebras with the unique extension property is closed with respect to free products, it follows
that A(G, f ) = ∗
P
A(Gi) has the unique extension property. It follows that C∗e (A(G, f )) = ∗
P
C∗e (Ai) = ∗
P
C∗(Ai) = C∗(G, f ) by
combining the free product description for C∗(G, f ) with [8, Theorem 1]. 
Of course this question remains open in the case of the non-row ﬁnite edge-colored directed graphs. In particular we
have the following example due to Muhly and Solel [11].
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This follows the discussion in the last two paragraphs of [11]. In particular if {ti}∞i=1 is a collection of partial isometries
in B(H) such that 1B(H) −∑∞i=1 tit∗i > 0, then there is a faithful completely contractive representation of O∞ given by
Si → ti which is not a boundary representation for A∞ ⊂ O∞ . Of course we know that C∗e (A∞) = O∞ and it seems natural
to conjecture that C∗e (A(G, f )) = C∗(G, f ) in the not row-ﬁnite case. We do not, as yet, have any evidence to support this
conjecture.
We now return to looking at the C∗-algebras of edge-colored directed graphs with a focus on structural properties as
well as examining their K -theory.
5. Properties of C∗-algebras of edge-colored directed graphs
Many of these results will illustrate the differences between C∗-algebras of edge-colored directed graphs and the usual
C∗-algebras of directed graphs. As with directed graph algebras we can ﬁnd graph theoretic conditions describing simplicity.
Proposition 5. If C∗(G, f ) = ∗
P
C∗(Gi) is simple then C∗(Gi) is simple for all i and given any pair of vertices v1, v2 the subgraph
(({v1, v2}, Ev1,v2 , r, s), f ) is 1-colorable.
Proof. We will use the contrapositive. First notice that if any of the C∗(Gi) are not simple then without loss of generality
there is I ⊆ C∗(G1) which is a non-trivial ideal. Then there is a non-trivial representation using the universal property for
free products of C∗(G, f ) onto (C∗(G1)/I)∗
P
({∗
P
C∗(Gi): i  2}) and hence C∗(G, f ) is not trivial.
Similarly assume that there exists vertices v1 and v2 such that the subgraph with vertex set {v1, v2} and the edge
set given by {e: r(e) = v1, s(e) = v2} is not 1-colored. Given the free product description of our algebras it will suf-
ﬁce to assume that this subgraph is G and that G is 2-colorable. So assume that there are m edges of one color,
{e1, e2, . . . , em} and n-edges of another color { f1, f2, . . . , fn} and assume without loss of generality that m n. Notice that
{S f1 , S f2 , . . . , S fm−1 ,
∑n
i=m S fi } is a Cuntz–Krieger family with m partial isometries and hence there is a ∗-representation of
C∗(Lm) into C∗(Ln). There is then a representation of the free product algebra C∗(G, f ) onto C(S f1 , S f2 , . . . , S fn ) and notice
that S f1 − Se1 is in the kernel of this representation. It follows that C∗(G, f ) is not simple. 
Unfortunately the converse is not true as one can see that the edge-colored directed graph G given by
•
x1
x3
x5
•
•
x4
x6
x2
with coloring
f (xi) =
{
1 i is odd,
2 i is even,
is such that C∗(G, f ) is isomorphic to the non-simple directed graph algebra C∗(H) where H is given by
•a •
b
.
This isomorphism is induced by the following map on generators:
τ (Sx1) → Sa S∗a S∗b
τ (Sx2) → Sb S∗b S∗b
τ (Sx3) → Sa S∗b
τ (Sx4) → Sa S∗a
τ (Sx5) → Sa Sa S∗a
τ (Sx6) → Sa Sb S∗b .
It would be interesting to ﬁnd a characterization of those edge-colored directed graphs (G, f ) which give rise to simple
C∗-algebras. One issue that may help in the resolution of this is in identifying when a given edge-colored directed graph
algebra is isomorphic to a directed graph algebra via a map similar to that described in our counterexample to the converse.
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case we know that the algebras are all nuclear. Adding colors to the graph complicates issues however. Again we are limited
by not having a clear indication of when a directed graph algebra is isomorphic to an edge-colored directed graph algebra.
On the other hand, we do have some graph theoretic characterizations of when an edge-colored directed graph gives rise to
a non-exact C∗-algebra.
Proposition 6. C∗(G, f ) is not exact if (G, f ) contains a subgraph with one vertex which is not 1-colorable.
Proof. We begin by showing that the edge-colored directed graph C∗-algebra for the graph with a single vertex, and two
edges of different color is not exact. Of course this algebra is isomorphic to C(T)∗
C
C(T). It is certainly well known that the
universal free product C[0,1] ∗
C
C[0,1] is not exact, for a proof see [2]. We will embed this free product into C(T)∗
C
C(T) as
a subalgebra. The result will then follow as exactness is preserved by taking subalgebras.
So for f ∈ C[0,1] deﬁne f̂ (eiθ ) =
{
f ( θπ ), 0θπ,
f ( 2π−θπ ), πθ2π.
It is a simple matter to see that this induces a unital ∗-
representation of C[0,1] into a subalgebra of C(T). Applying a result of Pedersen [13] we get that the natural free product
map induced by f → f̂ injects C[0,1] ∗
C
C[0,1] into C(T)∗
C
C(T). The result now follows for this algebra.
We next notice that C(T)∗
C
C(T) has a natural embedding into On ∗
C
Om for all 1 m,n ∞. Hence if G is any graph
with a single vertex and f is not a 1-coloring for G then (G, f ) is not exact.
The ﬁnal case is shown by embedding an appropriate copy of On ∗ Om into C∗(G, f ) by sending On into the subgraph
as in the hypotheses. This will be a faithful representation by applying [1, Proposition 2.4]. Hence we have an injection of a
non-exact C∗-algebra into C∗(G, f ) and thus C∗(G, f ) cannot be exact. 
Another “forbidden” sub-graph for uniqueness is the 3-colored directed graph given by two vertices and three edges all
of which have range the ﬁrst vertex and source the second vertex.
Proposition 7. C∗(G, f ) is not exact if in (G, f ) there exists two vertices v1 , v2 such that the subgraph (({v1, v2}, {e: s(e) = v1,
r(e) = v2}, r, s), f ) is not 2-colorable.
Proof. We begin by looking at the case of the edge-colored directed graph with two distinct vertices v1 and v2 and three
differently colored edges e, f , g each with range v1 and source v2, call this graph (G3, f3). Notice that {Se, S∗f , Sg} together
with the vertex projections is an edge-colored Cuntz–Krieger family with associated graph given by reversing the arrow on f
in the original directed graph. Now this graph falls into the category of the previous proposition and hence C∗(Se, Sg, S∗f )
is not exact. But this algebra is the same as C∗(Se, S f , Sg) and hence in this case we have that the algebra is not exact.
Now if there exists vertices v1 and v2 and three collections of edges given by E := {e1, e2, . . . , en}, F := { f1, f2, . . . , fm},
and G := {g1, g2, . . . , gp} such that each of these edges has source v1 and range v2 and further ({Pv1 , Pv2 }, {Sei }),
({Pv1 , Pv2 }, {S fi }), and ({Pv1 , Pv2 }, {Sgi }) are Cuntz–Krieger families.
In the case that the collections E,F , and G are ﬁnite we deﬁne π : C∗(G3, f3) → C∗(G, f ) by sending Se →∑ Sei ,
S f →∑ S fi , Sg → Sgi . This will induce a ∗-representation of C∗(G3, f3) which is an embedding into C∗(G, f ) and hence
C∗(G, f ) cannot be exact.
For the case where any of the E,F , or G are inﬁnite we just need to choose ﬁnite subsets E ′ ⊆ E , F ′ ⊆ F , and G′ ⊆ G
such that
P :=
(∑
e∈E ′
Se S
∗
e
)( ∑
f ∈F ′
S f S
∗
f
)(∑
g∈G′
Sg S
∗
g
)
= 0.
We then notice that ({Pv1 , P }{Se P : e ∈ E ′}), ({Pv1 , P }{S f P : f ∈ F ′}), and ({Pv1 , P }{Sg P : g ∈ G′}) are Cuntz–Krieger fami-
lies and as in the ﬁnite case there is an embedding of C∗(G3, f3) into C∗({Pv1 , P }, {Se: e ∈ E ′}, {S f : f ∈ F ′}, {Sg : g ∈ G′}) ⊆
C∗(G, f ) and again we have that C∗(G, f ) is not exact. 
There are examples of n-colorable graphs which are nuclear. For example, let Gn be the graph with n + 1 vertices
{v0, v1, v2, . . . , vn} and n edges {e1, e2, . . . , en} such that r(ei) = v0 for all i and s(ei) = vi . Next deﬁne an n-coloring by
f (ei) = i. Letting Gtn denote the graph with vertex set {w0,w1, . . . ,wn} and edge set { f1, f2, . . . , fn} satisfying r( f i) = wi
and s( f i) = w0 for all i, we deﬁne a 1-coloring on Gtn by setting g(ei) = 1. Notice that since Gtn has a 1-coloring we
know that C∗(Gtn, g) is nuclear. But it is a simple exercise to see that the map Se → S∗f induces an isomorphism between
C∗(Gn, f ) and C∗(Gtn, g) and hence C∗(G, f ) is nuclear.
Of course one would like a complete classiﬁcation of nuclearity/exactness using only combinatorial properties. It seems
that the presence of distinct differently colored cycles in the undirected subgraph plays an important role in nuclearity, but
a good conjecture is not yet evident. At the same time we notice that in our two results we have that not only the algebras
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graph algebras, which are exact.
Although we know that nuclearity is not preserved by free products we do know that the subalgebra {P v : v ∈ V (G)} is
commutative. Now commutative C∗-algebras are nuclear so that the six term exact sequence for K -groups for the amalga-
mated free product of C∗-algebras described in [15] applies. In particular, we will write C∗(G, f ) as ∗
P
C∗(Gi) where C∗(Gi)
will be the C∗-algebra corresponding to a 1-subgraph of G . For a discussion of the K -groups of algebras of the form C∗(Gi)
we refer the reader to [5]. The following is just a reconstruction of Theorem 6.4 from [15] in our context.
Proposition 8. For a 2-colored directed graph (G, f ) the following six term exact sequence of K -groups is valid:
K0(P )
⊕
K0(C∗(Gi)) K0(C∗(G, f ))
K1(C∗(G, f ))
⊕
K1(C∗(Gi)) K1(P )
where C∗(G, f ) = C∗(G1)∗
P
C∗(G2).
If (G, f ) is 1-colored the previous is vacuous. Now since K1(P ) = 0 and K0(P ) =⊕v∈V (G) Z, then for 2-colored directed
graphs the proposition reduces to
0→ K1
(
C∗(Gi)
)→ K1(C∗(G, f ))→ ⊕
v∈V (G)
Z →
⊕
K0
(
C∗(Gi)
)→ K0(C∗(G, f ))→ 0.
As with most exact sequences of K -groups the interesting thing, and the complications, come from the connecting maps.
As an example we can look at the case of the 2-colored directed graph (G, f ) with 1 vertex, 2 red edges, and m blue
edges. Next, let (G ′, f ) be the 2-colored directed graph with 1 vertex, 2 red edges, and 2 blue edges, and (G ′′, f ) be
the 2-colored directed graph with 1 vertex, 2 red edges and 2 blue edges. Of course we know that C∗(G, f ) = O2 ∗
C
On ,
C∗(G ′, f ) = O2 ∗
C
O2, and C∗(G ′′, f ) = O2 ∗
C
C(T). A “folklore” result shown to me by Bruce Blackadar shows us that
C∗(G, f ) is isomorphic to C∗(G ′′, f ). We proceed inductively by showing that O2 ∗
C
Om−1 is isomorphic to O2 ∗
C
Om . Let
(s1, s2, t1, t2, . . . , tm−1) be the generators for O2 ∗
C
Om−1 and (s1, s2, t′1, t′2, . . . , t′m) be the generators for O2 ∗
C
Om . Now de-
ﬁne φ :O2 ∗
C
Om → O2 ∗
C
Om−1 by φ(si) = si , φ(t′i) = ti for 1  i m − 2, φ(t′m−1) = tm−1s1, and φ(t′m) = tm−1s2. Similarly,
deﬁne ψ :O2 ∗
C
Om−1 → O2 ∗
C
Om by ψ(si) = si , ψ(ti) = t′i for 1  i  m − 2 and ψ(tm−1) = t′m−1s∗1 + t′ms∗2. It is easy to
see that φ and ψ are inverses of each other and hence induce an isomorphism. Notice that repeated applications of this
construction will yield the desired isomorphisms.
On the other hand examining the K -group exact sequences we get
0→ K1
(
C∗(G, f )
)→ Z → 0⊕ Z/(m − 1) → K0(C∗(G, f ))→ 0,
0→ K1
(
C∗
(
G ′, f
))→ Z → 0⊕ 0→ K0(C∗(G ′, f ))→ 0,
and
0→ K1
(
C∗
(
G ′′, f
))→ Z → 0⊕ Z → K0(C∗(G ′′, f ))→ 0.
The second short exact sequence allows us to compute that K1(C∗(G ′, f )) = Z and K0(C∗(G ′, f )) = 0, and hence the same
is true for C∗(G, f ). An alternate version of this computation is due to Blackadar.
To deal with graphs with more than 2-colors we have a technically more complicated exact sequence but the presence
of the 0 group as K1(P ) allows us to prove the following. We will ﬁrst set some notation. If (G, f ) is an m-edge-colored
directed graph with (G, f ) = (G1) ∗
V
(G2) ∗
V
· · · ∗
V
(Gm) where Gi a 1-colored subgraph of (G, f ). Let (Gk, fk) denote the free
product (G1) ∗
V
(G2) ∗
V
· · · ∗
V
(Gk) as a k-colored sub-edge-colored directed graph of (G, f ).
Proposition 9. Let (G, f ) be an m-edge-colored directed graph so that C∗((G, f )) = C∗(G1)∗
P
C∗(G2)∗
P
· · · ∗
P
C∗(Gm) with Gi a 1-
colored subgraph of (G, f ). We have the following 6m-cyclic exact sequence
B.L. Duncan / J. Math. Anal. Appl. 364 (2010) 534–543 5430 K1(C∗(G1) ⊕ C∗(G2)) K1(C∗(G2, f2))
K0(C∗(G2, f2)) K0(C∗(G1) ⊕ C∗(G2)) K0(P )
0 K1(C∗(G2, f2) ⊕ C∗(G3)) K1(C∗(G3, f3))
K0(C∗(G3, f3)) K0(C∗(G2, f2) ⊕ C∗(G2)) K0(P )
...
...
...
0 K1(C∗(Gm−1, fm−1) ⊕ C∗(Gm)) K1(C∗(Gm, fm))
K0(C∗(Gm, fm)) K0(C∗(Gm−1, fm−1) ⊕ C∗(Gm)) K0(P ).
Proof. This is just the concatenation of the short exact sequence of Thomsen [15], valid since K1(P ) = 0. 
Similarly we can apply [3] to see that Ext(C∗(G, f )) is a group and compute it using short exact sequences as with the
K -groups. We leave the details to the reader.
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